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Observation of the charmonium state = r]c{2S) with the mass 


ma 


= 3637.4 ± 4.4 MeV(world average) (1) 

proved to be in contradiction with most predictions o f qu ark models The 

hyperfine mass splitting in the 2S state was found to be^*^ 

AMffJ = M^, - = 48.6 ± 4.4 MeV. (2) 

It was much smaller then the IS splitting ^El 

AMifJ = Mj!^ - = 115.1 ± 2.0 MeV, (3) 

which was quite unexpected and surprising. 

Different attempts to bring theory and experiment in accord were undertaken. 
One of the most promising among them was the proposal to take account of the 
open channel mixing^. 

Here we consider another possibility of describing cha rmo nium with the rela¬ 
tivistic treatment of the c quark. It is well-known (see e.g. that the c quark is 
not heavy enough for a reliable application of the nonrelativistic expansion since 
the !(? contributions could exceed 20%. This testifies a poor convercence of the 
vjc expansion. While describing the properties of heavy-light mesons we treated 


1 


2 D. Ebert, R. N. Faustov & V. O. Galkin 


the light quarks in a completely relativistic way. Now we shall apply this approach 
to recalculating the charmonium mass spectrum in the framework of the previously 
developed relativistic quark model. 

In this approach a meson is described by the wave function of the bound quark- 
antiquark state, which satisfies the quasipotential equation of the Schrodinger type^l 

,2 \ r fpq 
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2fJ,R ‘^RrJ 
where the relativistic reduced mass is 

E-\ E 2 — (mf — m\)'^ 


Rr = 


El E2 

and El, E 2 are given by 

— TO2 -I- ml 
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Here M = Ei + E 2 is the meson mass, toi _2 are the quark masses, and p is their 
relative momentum. In the center-of-mass system the relative momentum squared 
on mass shell reads 


b^{M) = 


— (toi -I- 7712)^] — (toi — 7712)^] 

' 


( 7 ) 


The kernel y(p,q;M) in Eq. 0) is the quasipotential operator of the quark- 
antiquark interaction. It is constructed with the help of the off-mass-shell scattering 
amplitude, projected onto the positive energy states. Constructing the quasipoten¬ 
tial of the quark-antiquark interaction, we have assumed that the effective interac¬ 
tion is the sum of the usual one-gluon exchange term with the mixture of long-range 
vector and scalar linear confining potentials, where the vector confining potential 
contains the Pauli interaction. The quasipotential is then defined by 


V{p,q;M) = ui{p)u 2 i-p)V{p,q;M)ui{q)u 2 i-q), 


( 8 ) 


with 


V(p,q;M) = -f (kjT^Ts;, 


+ Kif(k), 


where as is the QCD coupling constant, 1?^;^ is the gluon propagator in the Coulomb 
gauge 


D^^(k) = - 


47r 




JjOi ^ ^ 


,20 


(9) 


and k = p — q; 7 ^ and u{p) are the Dirac matrices and spinors 
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with e{p) = Tn?. The effective long-range vector vertex is given by 

r^(k) = 7^ + (11) 

where n is the Pauli interaction constant characterizing the anomalous chromomag- 
netic moment of quarks. Vector and scalar confining potentials in the nonrelativistic 
limit reduce to 


Vv{r) = (1 — e)Ar + B, 

Vs{r) = eAr, (12) 

reproducing 

V,on{{r) = Vs{r) + Vvir)=Ar + B, (13) 


where e is the mixing coefficient. 

The c quark mass rric = 1.55 GeV and the parameters of the linear potential 
A = 0.18 GeV^ and B = —0.16 GeV have usual values of quark models. The value 
of the mixing coefficient of vector and scalar confining potentials £ = — 1 has been 
determined from the consideration of charmonium radiative decays!^. Finally, the 
universal Pauli interaction constant k = —1 has been fixed from the analysis of the 
fine splitting of heavy quarkonia ^Pj- states!^. 

In Oder to simplify the relativistic qq potential we make the following replacement 
in the Dirac spinors: 


e{p) = E = M/2 (14) 

(see the discussion of this point int 

As a result the spin-independent part of the potential with the account of the 
one-loop radiative corrections reads as 
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E + m 
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where . .}vk denotes the Weyl ordering of operators and 




1 + 


^ 1ePo \ 


2 / 


. n 2 

ai =-^- ^nf, Po = n- -Hf, nf=3, 

Att 




fi = E, 


/3oln(A.VA2)’ 

The spin-dependent part of the potential has the form: 


A = 169 MeV. 


I/sdW = a L • S + 6 


^(Si.r)(S 2 T)-(Si.S 2 ) 


cSi - 82 , 


(16) 
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In Eqs. (nnj-cni) the scale fi = E is state dependent. The one-loop corrections are 
known only for the 1 /m^ contributions in the above expressions and will be treated 
perturbatively. 

In the initial approximation the quasipotential equation 0 is solved numerically 
with the following potential 


Mr) 


f E + m 
V 2E 


4 avM) 
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+ Ar + B 
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The remaining contributions in Vsi and Vsd are treated perturbatively. It is im¬ 
portant to mention that since the scale is ^ = E, the QCD coupling constant as 
(and also ay) take different values dependent on quantum numbers n and L (see 
Table 1). The obtained mass spectrum is presented in Table 1, cf0 
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Table 1. Charmonium mass spectrum (in GeV). 


State 

Particle 

Experiment 

pdgI^ 

Theory 
old El new 

CX. 

1 ^So 

Vc 

2.9796 

2.979 

2.978 

Ots = 

= 0.315 

135i 

7/4- 

3.09692 

3.096 

3.097 

Oty - 

= 0.452 

l^Po 

XcO 

3.41519 

3.424 

3.423 



l^Pi 

Xcl 

3.51059 

3.510 

3.509 

exs = 

= 0.298 

l^Pa 

Xc2 

3.55626 

3.556 

3.556 

ay : 

= 0.421 

liPi 

he 

3 . 5244 III 

3.526 

3.525 



2iSo 

n'a 

3,6374^1 

3.588 

3.633 

exs = 

= 0.291 

2 35i 

-k' 

3.68609 

3.686 

3.684 

dxy : 

= 0.408 

l^Di 


3.7700 

3.798 

3.795 



13P>2 



3.813 

3.810 

Qs = 

= 0.288 




3.815 

3.816 

ay : 

= 0.403 

Gp>2 



3.811 

3.810 




Note that all spin-splittings (including the hyperfine ones) are well reproduced 
and the new prediction for the mass of ric{2S), = 3633 MeV, is close to the 
experimental value CJ. The calculated center-of-gravity mass of the l^Pj states 
^cog = 3525 MeV is equal to the predicted of the l^Pi state = 3525 MeV up 
to terms of order 0.1 MeV and is close to the PDG value 3525.36 MeV. This signi¬ 
fies that the relativistic and scale-dependent effects are essential for the consistent 
description of the charmonium. The latter statement agrees with the conclusions of 
Ref.0. 

The hyperfine massmlitting is intimately connected with the leptonic decay rate 
of heavy quarkonium^^. For the l^S'i state (T/'i/i) this decay rate is the same (5.4 
keV) as in our paper 13 since the factor in front of the square brackets in Eq. 1201 is 
almost unity. For the 2^ S'! state [ij)') we recalculated its leptonic decay rate using 
the new wave function and obtained F*^ = 2.0 keV. Thus our prediction is in accord 
with the experimental value = 2.12 ± 0.12 keV^^ 
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